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Abstract—  Multiuser ~ orthogonal  frequency  division
multiplexing(MU-OFDM) is promising technique for achieving
high downlink capacities in future cellular and wireless LAN
systems OFDM base stations allows multiple users transmitter
simultaneously on different sub carrier during the same symbol
period. The sum capacity of MU-OFDM is maximized when each
sub channel is assigned to the user with best channel to noise
ratio for that sub channel in this paper we focus the base station
resource allocation in terms of sub carrier and power to each
user to maximize the sum of user data rates subject to constraints
on total power bit error rate and proportionality among user
data rate there are number of methods proposed in the literature
which are being iterative non linear methods which has suitable
for offline optimization in the special I sub-channel SNR case and
iterative route finding method has linear time complex city in the
number of users and NlogN complexity in the number of sub-
channels the proposed method is low complex method which
works under waving the restriction of high sub channel SNR and
yields higher user data rates it is also shown that with the
proposed resource allocation algorithm sum capacity is
distributed more fairly and flexibility among users then the sum
capacity maximization method.
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. INTRODUCTION

OFDMA, also referred to as Multiuser-OFDM is being
considered as a modulation and multiple access method for 4th
generation wireless networks OFDMA is an extension of
Orthogonal Frequency Division Multiplexing (OFDM), which
is currently the modulation of choice for high speed data
access systems such as IEEE 802.11a/g wireless LAN and
IEEE 802.16a fixed wireless broadband access systems.

Orthogonal frequency division multiplexing (OFDM) is a
promising technique for the next generation of wireless
communication systems.

OFDM divides the available bandwidth into N orthogonal
sub-channels. By adding a cyclic prefix (CP) to each OFDM
symbol, the channel appears to be circular if the CP length is
longer than the channel length. Each sub channel thus can be
modeled as a time-varying gain plus additive white Gaussian
noise (AWGN). Besides the improved immunity to fast fading
brought by the multicarrier property of OFDM systems,
multiple access is also possible because the sub channels are
orthogonal to each other.

OFDM adds multiple access to OFDM by allowing a
number of users to share an OFDM symbol. Two classes of
resource allocation schemes exist: fixed resource allocation
and dynamic resource allocation [. Fixed resource allocation
schemes, such as Time Division Multiple Access (TDMA) and
Frequency Division Multiple Access (FDMA), assign an
independent dimension, e.g. time slot or sub-channel to each
user. A fixed resource allocation scheme is not optimal since
the scheme is fixed regardless of the current channel
condition. On the other hand, dynamic resource allocation
allocates a dimension adaptively to the users based on their
channel gains. Due to the time-varying nature of the wireless
channel, dynamic resource allocation makes full use of
multiuser diversity to achieve higher performance.

The problem of assigning subcarriers and power to the
different users in an OFDMA system has recently been an area
of active research. In the margin-adaptive resource allocation
problem was tackled, wherein an iterative subcarrier and
power allocation algorithm was proposed to minimize the total
transmit power given a set of fixed user data rates and bit error
rate (BER) requirements. In the rate-adaptive problem was
investigated, wherein the objective was to maximize the total
data rate over all users subject to power and BER constraints.
It was shown in that in order to maximize the total capacity,
each subcarrier should be allocated to the user with the best
gain on it, and the power should be allocated using the water-
Iling algorithm across the subcarriers. However, no fairness
among the users was considered in this problem was partially
addressed by ensuring that each user would be able to transmit
at a minimum rate, and also in by incorporating a notion of
fairness in the resource allocation through maximizing the
minimum user's data rate. In the fairness was extended to
incorporate varying priorities. Instead of maximizing the
minimum user's capacity, the total capacity was maximized
subject to user rate proportionality constraints. This is very
useful for service level differentiation, which allows for
flexible billing mechanisms for different classes of users.
However, the algorithm proposed in involves solving non-
linear equations, which requires computationally expensive
iterative operations and is thus not suitable for a cost-effective
real-time implementation.

This paper extends the work in by developing a sub-carrier
allocation scheme that linearizes the power allocation problem
while achieving approximate rate proportionality. The resulting
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power allocation problem is thus reduced to a solution to
simultaneous linear equations. In simulation, the proposed
algorithm achieves a total capacity that is consistently higher
than the previous work, requires significantly less computation,
while achieving acceptable rate proportionality.

Il.  SysSTEM MODEL
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Fig. 1: Multiuser OFDM system Block Diagram

A multiuser OFDM system is shown in Fig. 1. In the base
station, all channel information is sent to the sub-channel and
power allocation algorithm through feedback channels from all
mobile users. The resource allocation scheme made by the
algorithm is forwarded to the OFDM transmitter. The
transmitter then selects different numbers of bits from different
users to form an OFDM symbol. The resource allocation
scheme is updated as fast as the channel information is
collected. In this paper, perfect instantaneous channel
information is assumed to be available at the base station and
only the broadcast scenario is studied. It is also assumed that
the sub-channel and bit allocation information is sent to each
user by a separate channel. Throughout this paper, we assume a
total of K users in the system sharing N sub-channels with total
transmit power constraint F....... Our objective is to optimize
the sub-channel and power allocation in order to achieve the
highest sum error-free capacity under the total power
constraint. We use the equally weighted sum capacity as the
objective function, but we introduce the idea of proportional
fairness into the system by adding a set of nonlinear
constraints. The benefit of introducing proportional fairness
into the system is that we can explicitly control the capacity
ratios among users, and generally ensure that each user is able
to meet his target data rate, given sufficient total available
transmit power.

Mathematically, the optimization problem considered in
this paper is formulated as
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Where K is the total number of users; N is the total
number of sub channels; NO is the power spectral density
of additive white Gaussian noise; B and F....: are the
total available bandwidth and power,

respectively; P , is the power allocated for user k in

the sub-channel

n; ;s the channel gain for user k in

sub-channel nf%; , ; can only be the value of either 1

or 0, indicating whether sub-channel n is used by user k

or not. The fourth constraint shows that each sub-channel

can only be used by one user. The
Capacity for user k, denaligd as

@)‘ 1|5'|._er (1 + Pin _U-—J
Finally, f°igK i=1 is a set of predetermined values which
are used to ensure proportional fairness among users.

, is defined as

I1l.  OPTIMAL SUB-CHANNEL ALLOCATION AND POWER
DISTRIBUTION

The optimization problem in (1) is generally very hard to
solve. It involves both continuous variables pk;n and binary
variables %“2k;n. Such an optimization problem is called a
mixed binary integer programming problem. Furthermore, the
nonlinear constraints in (1) increase the difficulty in finding
the optimal solution because the feasible set is not convex. In
a system with K users and N sub channels, there are K%
possible sub channel allocations, since it is assumed that no
sub-channel can be used by more than one user. For a certain
sub-channel allocation, an optimal power distribution can be
used to maximize the sum capacity, while maintaining
proportional fairness. The optimal power distribution method
is derived in the next section. The maximum capacity over all
K% sub channel allocation schemes is the global maximum
and the corresponding sub channel allocation and power
distribution is the optimal resource allocation scheme.
However, it is prohibitive to find the global optimizer in terms
of computational complexity. A suboptimal algorithm is
derived in this paper to reduce the complexity significantly
while still delivering performance close to the global
optimum. An alternative approach to make the optimization
problem in (1) easier to solve is to relax the constraint that
sub-channels can only be used by one user. Thus'k;nis
reinterpreted as the sharing factor of user k to sub-channel n,
which can be any value on the half-open interval of (0; 1]. The
optimization in (1) can be transformed into
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That is, the original maximization problem is transformed
into a minimization problem. In the third constraint in (4),
%k;n is not allowed to be zero since the objective function is
not defined for'2k;n = 0.

However, when %2k;n is arbitrarily close to 0,

Pln Prnfin
v log; (1 + ﬂ‘" v:iJ also approaches0. Thus, the
Knt m

nature of the objective function remains unchanged by
excluding the case “2k;n = 0.A desirable property of the
objective function in (4) is that it is convex on the set defined
by the first two constraints. The convexity is shown in
Appendix |. However, the nonlinear equality constraints make
the feasible set non-convex. In general, such optimization
problems require linearization of the nonlinear constraints. The
linearization procedure may lead the solution slightly off the
feasible set defined by the nonlinear constraints. There is
always a trade off between satisfaction of the constraints and
improvement of the objective. Furthermore, it is still
computationally complex to find the optimal solution. For
these reasons, we propose a sub optimal technique in the next
section.

IV. SUBOPTIMAL SUB-CHANNEL ALLOCATION AND POWER
DISTRIBUTION

Ideally, sub channels and power should be allocated jointly
to achieve the optimal solution in (1). However, this poses a
prohibitive computational burden at the base station in order to
reach the optimal allocation. Furthermore, the base station has
to rapidly compute the optimal sub-channel and power
allocation as the wireless channel changes. Hence low-
complexity sub optimal algorithms are preferred for cost
effective and delay-sensitive implementations. Separating the
sub channel and power allocation is a way to reduce the
complexity because the number of variables in the objective
function is almost reduced by half. Section IV-A discusses a
sub channel allocation scheme. Section IV-B presents the
optimal power distribution given a certain sub channel
allocation.

A. Suboptimal Sub-channel Allocation

In this section, we discuss a suboptimal sub channel
algorithm based on [7]. In the sub optimal sub channel
allocation algorithm, equal power distribution is assumed

across all sub channels. We

e Rin
. kn — g . . .
define ™™ M= s the channel-to-noise ratio for user k in
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sub-channel n and -k is the set of sub channels assigned to user
k. The algorithm can be described as

1) Intialization
SetR; =082;=¢ for k=1,2,...,K and
A={12,....N}

2) Fork=1toK
a) Find n satisfying | Zxn|> Hx.i| for all jeA
b) Let £2x=£:U{n} A=A-{n} and update
Ry according to

3) While A%
a) find k satisfying R/ ¥:<H:i/ ¥: for all
i,1,<i<k
b) for the found k, find n satisfying | Hzn|>|
He | for all jeA

c) for the found k and n,let
£2;= 9 U{n},A=A-{n} and update
Ry according to(2)

The principle of the suboptimal sub-channel algorithm is
for each user to use the sub channels with high channel-to-
noise ratio as much as possible .At each iteration, the user with
the lowest proportional capacity has the option to pick which
sub-channel to use. The sub-channel allocation algorithm is
suboptimal because equal power distribution in all sub
channels is assumed. After sub-channel allocation, only coarse
proportional fairness is achieved. The goal of maximizing the
sum capacity while maintaining proportional fairness is
achieved by the power allocation in the next section.

B. Optimal Power Distribution for a Fixed Sub-channel
Allocation

To a certain determined sub-channel
optimization problem is formulated as

allocation, the

- !t'i:'r:h;--r
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Where @ is the set of sub-channels for user k,and £2: and £

are mutually exclusive when k#l.the optimization problem in

(5) is equivalent to finding the maximum of the following cost
function L=

E:::.Ens:a;:i log (1 + P nHin) +

A4 (Zices ey P — Protar) +

Ei-f:: ‘IR(EHEH,_?% loga(1 + Pi.nHi.n} =
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= ko

(6)
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For k=2,3...... JKandn €‘EF-'

1)Power Distribution for a single user: In this section the
optimal power distribution strategy for a single user K is
derived

From either (7) Or (8), we may obtain

Hi:,'m Hic_'rz

1+Hgm Pem 1+8gn Pin

©)

For m,n € £& and k=1,2,....,K. without loss of generality we
assume that x2 < Hxa < Huw for k=1,2,....K and Nz is
number of sub-channels in £2x. Thus,(9) can be rewritten as

Hi:_n_Hki

pﬁ'.i"!: ﬁ"-l +m

For n=1,2,....., W and k=1,2,...,K.equation (10) shows that
the power distribution for a single user k on sub-channel
n.more power will be put into the sub-channels with higher
channel to noise ratio yhis is the water filling algorithm [13]in
frequency domain by defining

Pr.ror as the total power allocated for user k and using
(10), Pzt can be expressed as

P tat :E,:r;; P on :Nkﬁi.‘_+ E:;" (11)
For k=1,2,....,K.

2)Power Distribution among users: once the set
[P. ..ot ¥ is known power allocation can be
determined by (10) and (11). The total power constraint and
capacity ratio constraints in (5) are used to obtain
[P cor) % With (9) and (11),the
capacity ratio constraints can be expressed as
R
1

o Eot™ 1
G e e

Wi )+{ug: wl
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1 wk

1 Nk ] Preoc— Vi
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for k=2,3,...,k, where Ve and "= are defined as

V. E.".’i: en—Hig1
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For k=1,2,..,K.
Adding the total power constraints

EE_‘-—1 bsin= Praral (15)

; K
There are K variables {P*‘-““} k=L in the set of K

equations in (12)and(15).Solving the set of functions provides
the optimal power allocation scheme. The equations are, in
general, non linear iterative methods, such as the Newton-
Raphson or Quasi-Newton methods [15], can be used to obtain
the solution, with a certain amount of computational effort. In
the Newton-Raphson method, the computational complexity
primarily comes from finding the update direction. In
Appendix Il the computational complexity of each iteration is
shown to be O(K).Under certain conditions ,the optimal or
near-optimal solution to the set of nonlinear equations can be
found in one iteration. Two special cases are analyzed below

Linear case

,i.e.(12) and (15),can be transformed in to a set of linear
equations with the following expression

1 1 A | Pi,n:-r Bota
1 a;, sl Py tor by
L1 ] e By PR,fet by
(16) Where
ﬂﬁhill"i:

O p=-no 7 o.n (17)

e L/

k=8 T

Hy 4190 H;.;_i'l-";cl.lr";:)
Nt N
(18)
For k= 2,3,..,K. the matrix of {ﬂ'i.i}i=f in (16) has

nonzero elements only on the first
.row, the first column and the main diagonal. By substitution,
the solution to (16) can be obtained with a computational
complexity of O(K).

High Channel-to-Noise Ratio Case
In adaptive modulation, the linear condition rarely happens
and the set of equations remains nonlinear, which requires
considerably more computation to solve. However, if the
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channel to-noise ratio is high, approximations can be made to
simplify the problem First consider (13), in which Vk could be
relatively small qordpatBdit&F... lif-the.charihel to-noise ratios
are high. Ll.:urthe rEore if adapﬂme sub- chamjell allocatlo

used, the Best spib-channelsspaitbe chosen'amd they ave
relatively small ¢hannel gain differences among them. Thus,
the first agpgoximatiors Vk = 0.Second, assuming that the base
station could provide a large amount of power and the channel

to noise ratio is high the term Hz1Fzoe /N is much larger
than 1 with the above
two approximations (12) can be rearranged and simplified to

be
Ii;i=
Ny
Hy WiV, - ;*milbn f ?:
i Wetnion g

Where k= 2,3,..,K.

Substituting (19) into (15), a single equation with the variable
P, ... can be derived as

X1k {Pi_rc-r}uk-*pfﬂ'fﬁzo (20)

Numerical algorithms, such as Newton’s root-finding method
[14] or the false position method [14], can be applied to find
the zero of (20).

C. Existence of Power Allocation Scheme

1) Solution to Single User Power Allocation: For a certain
user k, there is no power allocation if V. = Fu ... This
situation could happen when a sub-channel is allocated to a
user who does not have a high channel gain in that sub-
channel. The greedy water-filling algorithm would rather stop
using this sub-channel. In case this situation happens, the set
of ©2-., as well as the corresponding values of Nk, Vk and Wk,
need to be updated and the power allocation algorithm
presented in this paper should be executed again, as shown in
Fig. 2.

2) Solution to Multiuser Power Allocation: In case that the
channel-to-noise ratio is high, there is one and only one
solution to (20) since every item in the summation
monotonically increases and (20) achieves different signs at
-P1 Far =Oandf’1 o —
f%nr:!

A numerical algorithm can be used to find the solution to
(20). The complexity of finding the solution will primarily
rely on the choice of the numerical algorithm and the precision

required in the results. After Py toe is found, 1P mr} k=1 can be
calculated using (19). Then the overall power allocation
scheme can be determined by (10) and (11).In general, it can
be proved that there must be an optimal sub-channel and
power allocation scheme that satisfies the proportional fairness
constraints and the total power constraint. Further more the
optimal scheme must utilize all available power. Several facts
lead to the above conclusion. First, to a certain user, the
capacity of the user is maximized if water-filling algorithm is
adopted. Furthermore, the capacity function is continuous with
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respect to the total
available power to that user. In other words,
R.(P ;) iscontinuous withP; ..  Second, if the

optimal allocation scheme does not use all available

transmit power, there is always a way to redistribute the
unused power among users while maintaining the
capacity ratio constraints snde, m,‘l Is

continuous with P, .., for all k. Thus, the Sum

capacity is further increased. In Appendix Il, we describe
the Newton-Raphson method to find Py i

without considering the constraint8.on:  F.8.:

> Vk for k = 1; 2; :::;K. If the Newton-Raphson method
returns a non-feasible the set -angk the

associated Nk, VK, and Wk would need to be updated. The
Newton-Raphson method should be performed until all
Fi o> VK

D. Complexity Analysis.

The best sub-channel allocation scheme can be found by
exhaustive search; i.e., for each sub-channel allocation, one
would run the optimal power allocation algorithm in Fig. 2,
which has the computational complexity of O(K). The
subcarrier allocation that gives the highest sum capacity is the
optimum. In a K-user N-sub-channel system, it is prohibitive
to find the global optimum since there are

K" possible sub-channel allocations. The complexity of the
proposed algorithm consists of two parts: sub-channel
allocation with the complexity of O(KN) and power allocation
of O(K). Hence the complexity of the proposed method is
approximately on the order of KN times less than that of the
optimal, because the power allocation is only executed once.

V. SIMULATION RESULTS

The simulation parameters considered are as follows:
frequency selective multipath channel modeled as consisting of
six independent Rayleigh multipaths. A maximum delay spread
of 5us and maximum Doppler spread of 30Hz are considered.
The channel information is sampled every 0.5ms to update the
sub channel and power allocation. The total power is assumed
to be 1w, the total bandwidth as 1 MHz, total carriers to be 64
and the average sub-channel SNR is assumed to be 38dB.

The simulation results show that among the different linear
and non linear techniques being compared in the paper, the
proposed linear method is less complex and the average cpu
time required to perform the resource allocation is faar less in
the case of linear technique than the root finding technique.
Figure 4 shows the comparison of the proposed method with
the root finding method and clearly the porposed method has a
better capacity as the number of users increases which is an
obvious case in the multi user environment.
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VI. CONCLUSION
This paper provides a novel solution for the rate adaptive

resource allocation problem with proportional rate constraints.
It is shown through the results in this paper that the current
work performs better than the previous work in this area in

achieving  higher

total capacity while reducing the

computational complexity to a great extent.
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